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The mtioa of c u r r e n t  i n d u s t r i a l  n r n f p u l a t o r s  
is t y p i c a l l y  c o n t r o l l e d  so L ! C  tasks are not  done 
io 8 rfninum t i m e  o p t i m ~ l  manner. The r e s u l t  is 
s u b s u n t f a l l y  lower p r o d u c t i v i t y  Chm Chat 
poteatial Ly possib le. JOCentLy a ColpUU C i O M l  Ly 
e f f i c i e n t  algorithm !ma been dereloped LO f i n d  the 
t r u e  iinimum tine optimal  aocioa f o r  a M n i p U b t O t  
novily along a s p e c i f i e d  path in space rht uses 
bo- L!a f u l l  aonlfnear dynamic  c .kraCte t  Of the 
a n i p u l a t  r and the c o n s t r a i n t s  Imposed by Lts 

i m p l o r e n u t f o n  of c.90 algorithm c a l l e d  0PYAR.Y is 
descr ibed which u n  meat p r a c t i c a l l y  gmeral six 
dogroe-of- freedom auaipula tors .  Exraples  a re  
presented which show 3PTAR.Y eo ba a u s e f u l  design 
tool f o r  manipulators. their u r k s  and work 
places. The algorftSm is extended La O P T A X l  LO 
inc lude  &e eoastraints fmposed by s a n i p u l a t o r  
payloads and end-effectors .  

A Computer Aided 3esi;o (CAD) 

C . fn t roduc ti on 

The p r o d u c t i v i t y  of p.ny i n d u s t r i a l  robotic 
mnfpulacoc  u s k s  can 5. faproved by !mViBg 
nanipula tors  aov. more quickLy. 3uc several 
f a c t o r s  L h i t  r u n i ? u l a t o r  speeds. such as the 
f i i i t e  c a p a b f l l t e s  o f  3 s y s t e m ' s  a c t u a t o r s  and the 
level of jynamic forces ahich  cSe object baing 
manipulated u a  t o l e r a t e  r i c h o u t  lamage or be ins  
pulled out  of che gr ipper .  Ivan sore import.nc, 
the  desisur o €  currant a a n i p u l a t o r  c o n t r o l l e t s  do 
a o t  p e r m i t  i n d u s t r i a l  nanipula tors  to move as 
quickly  as they 3f;hC. because t h y  do not  use 
e f f e c t i v e l y  L.0 f u l l  u p a b i l i t i e s  of choir 
actuators, nor opera te  a t  o r  aear che Units 
Lmposed by their payloads o r  end-effectors .  

Yanipulator  d p m f e s  are h i z h l y  i o n l i n e a r  and 
complex. met? a c t u a f o r s  a r e  r rqui red  to produce 
complex, tine varying torques or forcer  in order 
f o r  the a a n i p u l a t o r  t o  follow e v m  r e l a t f v o l y  
simple paths: tSe dynamic forces  a t  the payload 
a r e  equal ly  eo=?Lex. Today's commercfal 
manipulators  are proqramed EO move along cheit 
paths  a t t h  eonsunt a c c e i e r a t t o n s  3nd v e l o c i t i e s .  
The m g n i t u d e s  of these v e l o c i t f e s  and 
a c e e h r a t f o n r  a r e  u8uaLLy chosen by trial and 
error so chat the actuators will not  s a t u r a t e  ac 
any poioc a h a s  the path. I f  the  actuators 
a t tempt  to exceed their s a t u r a t i o n  ? e v e l s  a t  any 
poiat the manipulator  vi11 leave lts path. Such 

d e r i a t i o a a  are highly  uador i r8ble  aad p o t e n t i a l l y  
dangerous. p a r t i c u l a r l y  in hfzhly s t r u c t u r e d  
Laduser ia l  mvi roaaenes .  Since ~ ! e  actu~tors may 
be a u r  r a r u r a c i o a  a t  only a feu p o i n t s  00 the 
pack, choy will opara ta  a t  Less th.a their 
capac i ty  a t  s o s t  points. Obviously a aaaipulrror 
could opera te  f a s t e r  by u t i l i z i q  fu f u l l  
capac i ty  a t  every point a loat  tha path. 

n e  d-ie forces rctfng on t!m payload a t  
h i z h  speed sottoo p r o  a d d i t i o P . 1  L i m i t s  00 

? e r f o ~ n c e .  as they m y  be  too hiah  f o r  some 
f r a g i l e  or  sensitive objec ts .  o r  ~ ! e  dyp.pic load 

f o r c e s  which it holds. C r i p p i q  f o r c e  CUL bo 
limited by rb. s r i p p a r  d a s i j n ,  o r  by rh. 
r t r u c t u r a l  streage of t!a object. Vio lac iau  rtu 
end-effector  &ripping force or  payload force  
Linter  are obviously equrLLy uadesirable .  

00 the p8yL-d M Y  k htzh.? th.0 C ! !  j t i p p h g  

'Ibis paper prosenu a Computer Aided Daslza 
(UO) opt imr l  control techaiqua u l l e d  O P T W  
(Optimal Tlne burro1 of Ar t icu laced  Xobotic 
3anipuLacora) which Insures  t h e  a maufpuhror  
operacea to c!m f u l l  capac i ty  of  actuators and 
achieves t r u e  ainfatm t i m e  wetoas.  

I?re ninfsun  t h e  oociaal control problem f o r  
. an i?u l r tors  1s: Ziven both t fe  required l n i t i a l  
and end scates. and tse dynamic p r o p e r t i e s  and 
c o n s t r a i n t s  on system notions. f i n d  the path  and 
aotion alon: it  so t . h c  cSe f i n a l  s u e 8  is reached 
i n  2iniaum tis.. a i s  genera l  problem is 
d i f f i c u l t  because  r h i l e  convent ional  o p t f m d  
c o a t r o l  t h o r p  :s well developed for Llnear 
systrna.  I t  ia J f f f i c u l t  t o  apply to coupled 
nonl inear  dynamic ~ y s  e n s  a i  ch c a p l e r  
c o n s t r a i n t s .  such as r o b o t f c  m n i p u l a r o r s .  IC has 

f2eh0 been a p p l i e d  to very s i n p l l f i e d  models o 
n m i p u l a t o r s  wi thout  p a +  coastraints ' -3* . 
Z ~ e s e  s t u d i e s  Save shovn t f b c  t h i s  type of 
ipprO8Ch is c o n p u c a t t o a r l l y  very ia tensfve .  
Yoreover. path  c o n s e r a f a t s  (due t o  o b s t a c l e s )  a r e  
Important f a c t o r s  i n  practical appLlcat tons.  

Oc3.r s t u d i e s  h v e  considered c be optimal 

3- t ion* time problem f o r  n a n f p u l r t o r s  as they DOV 

s p e c i f i e d  pa ths  chosen t o  avoid o b s t a c l e s  . 
R e  p r o b l u  here Ls LO f i n d  the motion a l o q  the 
pach as 8 f u a c t i o n  of efme so at the task is 
completed in minimum tis. without  exceeding elm 
capabiLLtier  of &e s y r t u .  'Jhlle this approach 

notions. such as t!osa Laposed by obstac1.s. the 
Can U S i l y  c o n s i d e r  L f M f C S  00 C!!e ¶ySte l 'S  
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travel iq U w i l l  b. l w e r  thn p.mitti4 tha 
ryaul .  co f i n d  L L .  OVI o p C i u l  pa&. YOEO chm 
1aa8, -80 S d h e  h T 0  OOC pr0dw.d A t r u e  t b m  
o p t i u l  a o l u t i ~  lor  chi. p r o b l r .  

Iftwmrar, a rmcoacly d.re1op.d algorfth.; f o r  
the miniam t l ~  e o o r r o l  of aau ipula tocr  s o v i a l  
along a praacr ibedl  78th h a  proved t o  be 
rigorously OptlmL *-. Kt u J 8 ¶  f u l l  
nonL inmar dynamics eodel. coaa t r a i n  ea 
may b e  a r b l t r a r y  fuucttona of tha r y s t ~  a u t o .  
Thia aL&oritfu .Lao haa boas rho- to be 
CapUUCfOMLLr af  f LcFanr aT.O f o r  aix 
dagrem-of- fraedom aaa ipulaeora  t i n e a  i t  d0.S JOC 
raqui ra  che u s t u i  aruasire au ttparaaater 
Lcaratfoo ia o p t i ~ l  c o a r r o l  . 3 a  
OPTA(CI ryarsm 1s b a e d  09 - i s  al3orithn v i t h  an 
axcanalon to lnclude payload rad  Zrippar d p a a i c  
conscrainca. OPT-Y. w i t h  its I n t a r a c t i v a  
graphics e a p a b i l l t i a a .  h a  proven to ba A 
practical COOL fo r  d a s i g n i r y  gmeral r t tLcuLr ta6  
r o b o t i c  manlpularorr ,  their taaka. and work 
placaa. -pLer are presenrod harm f o r  a 6 
dagra8-of-fraedom y a i p u h t o r .  R e  r a a u l t a  ahou 
t:ur urk t i m a  are a i p i f i c a n t l y  taduced by che 
uaa of QPtAR!!. It h a  a la0  baea uaad aa a-  kay 
atam.at la hi&h.r leva1 optimal cask plaaainp'. 

Ac tam torr ' 

!.+ 

If .  h e  t h e  O p t i ~ l  burro1 Alaorlthm 

The baaic c b e  o p t i v f  c o u t r o l  a lgor l thm uaad 
harm l a  dartTed in h f a r . o c a r  [L] asd 121. I)re 
algori thm o b u i n r  the 0-0 loop ~orquea/Coreer f o r  
the t h e  opt t88l  r o t i o n  o f  a manipulator along a 
praacrfbad parh, s u b j e c r  eo uuucor ewarratorr. 
It a la0  y i a l d r  c h m  ope 1 aoci00 vhfch can b. 
urad ln cl08.d Loop eoatroL . m a  mehod l a  
a p p l l u b l e  to manipulators  with r i g i d  Llnks f o r  
which t!%a d m o f c  d e l  a d  th. Jotnr coordtn8rar  
can ba daf lnad f o r  any point 00 the pa-. 

9 

T?m approach uaaa a f u l l  oool iae8r  dynamic 
modal of a manipulator uhich u u  ba writtan as: 

vhare M i a  a 5x6  LnartLa matrix. C l a  a 526x6 
corfoLis  canaor. C La a vaecor of the a r a r l t y  
forc+r, 1 is 5%. v d t o r  o f  actuator a f f o r r a .  a a  
2, 4. and e are  1 0  5 joint dlaplacamenta. 
vaLoeLtiaa and aetalaratlona. raapac t iva ly .  Tha 
L i m i t s  of cha l t h  actuator say k any functlooa of 
Si r a d  4;: 

(2 )  

Zha path of th. and-affactor  La, E - 
{ x . y . x . w t , v p ,  }, or (z. * ) ,  whera s, l a  t h  poai r loa  
of &a path aud rapraa .a ta  cha o r i a a u t l o n  o f  
Ehe 80d ef foc to?  f lxad  frame. !1. wlch r a a p e c t  to 
inartla1 t r a m  :; (am. ?Laura 1). C:aarLy. f s  a 
known function of tlra 3isplacamanr alooq cha path, 
s. Zha J o i a c  r a g h a  u y  bo u p r a r a a d  la t a m 8  of 
the p8Ch ratlabla s, using tha k i n a u r i c  
eraas  Corn. tim: 

T-(q,ei) < Ti < T-&,bi) 

D l f f a r a a t i a t i n g  5quac4on ( 3 )  hrlca with r a s p e c t  t o  
t i m e  8nd aolviag f o r  f and ~ y i a l d a :  

unarm rad arm daflaed tn d a u f l  in Lafarmaem 
[ & I .  5 c8n be o b u i n a d  aiclrar u p l i c i t l y  or 
aumarfcally as a func t ion  of S. 

3 a  o b J a c t i v a  of the o p r i r i z r t l o a  ?a co f i n d  
:3e v8c:or chat aovea c!!a s a n l p u l a t o r  along tha 
path 18 minisum ::am. ma c r a n a i t  cis.. J. may ba 

J s  
SO 

Bafaraace [11 provaa t i a o r o u a l y  that J u f l l  be 
alnioum lf  the accalaration a l o a t  che path. 1. l a  
equal  eo a i t h a r  i t a  .. maximum or the riaioy 
p a r s i a a i b l e  valuaa.  Sa or S,. 3 t x  valuer  f o r  S 
arm o b u i n e d  by ro lv t=q  aach rou of %quation ( S )  
f o r  s: Ti - bi S' - Ci 

s ,  - ( 7  1 
"'i 

Tha uppar and lower 'Jouudr t o r  each 3, f o r  
Sfvan S and i arm o b u i n a d  by a u b a r i t u t l a g  tha 
uppar bad Lower bounda on f t o s  Equatioo (2) .  
tha b r a  la Plgura 2 rapraaenc tha rangaa of 'j 
p . r ~ i t e a d  by u c h  actuator. Any accalararloa out 
of the raage  o f  che l ch  actuator l a  beyond the 
capability of  sat a c t u a t o r  t o  Laep tSe 
M a i ? u l a t o r  00 l t a  path. C h a r l y .  the p e r a i r r i b l a  
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A t  rach polat. S. ehe boyada on 3 are 
f u n c t i o n s  of the v e l o c i t y  S. Generally, 
increaaiq j reauLt3 to a decrease lo the ai-  o f  
the pemisalble  arcelerarfoo range. The velocfty 
a t  which the p a r a i ~ a s i b l e  acceleratfoo raw. .is 

v e l o c t t y .  5,. Fori g r e a t e r  c!ua 5, no solutter 
f o r  the acceleratloa S mxfsts. which m u 0 8  t h ~ c  
the manipulator 1s sot u p r b l f  o f  k e e p 1 4  f t a  t fp 
on thm path. The valws 5, as a fuoctfoo o f  S 
form d e  velocity l-tt cuwm. SJS) , .ho~nr in 
t i g u r e  3. A t  u c h  point 1. j, is f o m d  
iacreartaa j from zero  tnrttL 3 . m ~ ~ .  

zero  ( o r  - s,) is rbr Y.+o~ p.n~issib1a 

Fis. 1: Pcrmtmibk .iccm. Aloes the P& for a Ciwa 
Val118 d S aad S. 

It n l s h t  be noted t ! t  i t  hcfieorecically 
posa lb le  f o r  chm U n i t  cf e to :era closed 
regloas o r  be doubled  v a l r u d A ~ ( a e e  f i g u r e  3) .  
This =una L ! r  a t  chase poofora a0 t!!e pa- the 
a e c u r t o r s  a r e  too weak t o  keep &a maal?ulator  00 

t h e  path a t  aamo Lou spaad. but a t  a h1gh.r s p e d  
the M n i p u l a t o r  could u f n u i s  le8 path by passf- 
above those tesloas. Nornrer, oparatiq in such a 

. manner 18 w C  desir8bLe m d  even p t e a e i a l l y  
dangerour: I f ,  while op.tatlus abovo a forbidden 
teglou the nrrnfpulacor had to stop a i  quLckLy as 
poaatble  08 l e 8  path dam to some prob1.o. l t  would 
Llkely Luve tea path and could colllde with an 
o b s u c l e .  Also our  studles  showed no suc5 
forbiddea t q t o n s  for systema with rea1Latic 
parameter?. Hmnca-. O P T A W  uaes only &e loweat 
value of S. where Sa={ , ,  to defiaa +he l i m i t  
curve. as shown la Figure 3 .  

Sefrr.nce f L l  show. t h ~ t  the ofatmoll t i m e  
m.?ttou is rctri-ered when g fa 8 q U . l  t o  eitber 
S,(SSl o r  S,IS.S) a t  every point 00 the pa. tt 

1. InteSrate = s,(S& forward la t i m e  with the 
falt ir l  coadltious s,, and 5, untll t!%a trajectory 
Intersacti t!!e S,curve a t  some p l o t  A. 

1. ? r a  C, integrate 5 II pd(s31 b c b a r d  in tine 
to y i e l d  ehe f i r a t  witchins p o i n t  from 
a c c e l e r r r i o a  to deceleratfon, d. 

Once the opttmal.tra)~ectory l a  obcaiaed, the 
optimal values  of e. 8 and flg a r e  Computed. 
u s i n s  Equatioaa ( 3 )  e; (ST. Sore that t h e  Lnitlal 
and f f M l  v e l o c i c f e s  do oot wed to be zero. 

Thla  technique MY be u t e a d e d  t o  include 
o t h e r  eoastraints t b t  u a  be u p r e a a e d  as 
functloar of 5. S and 3, fa a d d l t i o a  fo chose 00 

the a c t u a t o r s .  Thb.10 c o n s t r a l n t r  a r e  t r a a s f o m e d  
into bound1 00 f(S.S)aad f o r r  a d d l t f o u a l  b r a  la 
? lgur r  2. O P t ~ i l !  coauinr c o u s t r a i n t r  00 the 
payload acceleratloa and the gr ippfng  forco which 
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where 8= is &e W i S ( E .  a l l o w a b l e  f n e r t f a l  
acealerarioo of the  payload, E .  If the path. 
posttloa s, rho- La Figure 1. fs deffned by _&e 
porlcloa of Che payload CeUter Of mas. thea is 
given by: 

g -  & 9' + h s (LO) 

where&+LOd & are tbe f i r s t  three elmears of 5 
and -0 LO Equarloa ( 6 )  respecr t ra ly .  
S u b r t l t u t i q  Qcutioa ( L O )  i n t o  a u a t l o a  (9)  .nd 
rolviag for 3 yield?:  

~cuurioo set (11) bound. the a c c a l e r a r i o a  5 a 
func t ioa  of am and v e l o c i t y  f ;  c3is L t m i r  1s 
added t o  ~ 5 0 ~ 0  of the a C t c u t o r a  in formlag 
E Q g \ u C l O o  see (5) .  

Secoad. the fo l lowtns  s t m p l ~  example shour 
hou to o b u l a  the coastrainu Laposed b.r the 
g r i p p t r y  fore.. For the simple parallel jau 
gr ippar*  shOM i n .  Fiiure L. the payload Laertial 
force a c t i n g  paraLLe1 t o  g r i p p e r  sur face  o u s t  not 
exceed c!!e f r i c t l o a  torces bacweea t!!e payload aad 
t h e  gripper 1.~8, l f  th. object  18 not eo k 
pul led  f r a  th grippar. G r 8 r i t y  ts  oeglecred for  
rhe uka of c l a r i t y .  ?lrrr the 1rurri.l 
acceLeraeloa X of t h  cmcer o f  -sa of tb. 
p.yL-d is resolved I lor0 wo p . r p e a b l ~ u l a r  
capooeara. & and &, shouo in ?igora.6. & l a  
the component LE the L directtoo. aud & is 
coapoa.ne La the x-y plane. 318 a g o l t u d e s  of & 
.ad & a r e  sirea by: 

vhera 5 fs tbe unfc v e c t o r  in the L d i r e c t l o o  of 
the pr tpper  Erare. n e  f r i c t i o n  forces  ret 
paralLe1 t o  che x-y plane. The t o u l  f r i c t i o o  
fort., f, is l i r l u d  by: 

F, 5 2 #F, + L mp I X, I (14) 

where mp Ls the  maas of t h e  payload. P is &e 
e o e f f i c i a a e  o f  f r i c t 1 o P  beeween the payload and 
the g r i p p r r  sur faeea .  and F, i a  the appl ied  
squeeze force. me p r e r e a u r l o n  does o o t  eoas tder  
t O t a t l O Q S  w i t h i a  the g r t p p e r .  a l though t h ¶ e  can 
be fncfuded in a i L m L L a r  aarmer. To m i n u l a  a 
firm g r i p  ehe eompoa~at o f  -e LnertiaL force  
actlng oa the payload la the x-y  pLane 1, Ltaired 
by ehe max1.w Ff: 

m, Xt I 2 c f, + s m p  I X, I (1s)  

SubscltuCing Q u a t i m a  (10) .  (12)  and (L3) into 
Quactoa (1s) y l e l d s  the followin; qrrrdrat lc  

-1s alporitha b s  bean tnpLem.ated ln a 
program c a l l a d  WCAX!! f o r  s i x  dyrea-of-freedom 
eunipula to ts .  I t  conatderr the L4f.e dlaoaaioaal 
paths  2nd end-ef fec tor  s o t t o a s  v l t h  strai#m 
l f a e s ,  c i r c u l a r  curves and spl ines .  It e o q u r ~ s  
the f u l l  noolinear dynamic matrices o f  the 
aanipulacor  and the c h a r a c t e r i s t i c s  at. 
cypfcaLLy s e v e r a l  bundrad. d i s c r e t e  ?oiatr d o a s  
the  pach. Ocher 3 l t A i U ' s  outputs  a r e  the aetuacor 
torquer  f o r  the dynamic feed-forward coacro l ,  &a 
J o h t  poSltlOn8. v e l o c f t t e s  and aece lerac loaa  for 
cloaed loop eoacrol. aad tncludes ocher  fmporeaar 
i n f o n u t t o o  f o r  rhe des igner  lfke the ae tuacora '  
power. O p t A l W ,  tr wrtrten in roasaAl and rrqulrea 
lesa tba  30 secoada of c a p u u r l o a  rise do a 
a i a i - c m p u r e r  tDP ll/U LO c-plece a f u l l  
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r Mu Pri.cip.lMommtd L L, 1- a r u r I K '  I 18- rboclt C.C.. 

0.0 1.0 1-0 
0.0 1.0 1.0 
0.0 0.23 0.2s 

Lit k 1.0 0.3 

Lisk 2 1.0 
J,hk 3: I 0.25 . 0.23 Od 3.0 . :: j 

The n e x t  example show. an improveaenc la 
systen performance by an OPTAiCI  3odi f fcae ion  of 
aysten design. P laure  7 ahows 3n optimal 
trajectory aLon3 a path with a s i z i lar  E o r n  as i n  
tSe f irs t  exampLe, except  thac i C  s c a r t i  a t  
(0.3 .O. L. 3 ) .  towardr p o l n t  (1.3, J. S. 1.3). and 
s tops  a t  p o i n t  (L.3 ,0 .5 , -1 .3) :  t h e  curve radfua 
Ls L meter. The optimal mocfon for chis path  fr  
1.376 sac., and !ms only one swi tching poinc. A. 
can be seen in Figure 7 rhe crajeeeory doer not 
approach the l ln i t  curve,  susgerc ing  that the 
system is over-designed f o r  t h f s  a s k .  The f i r s t  

chreo actuator torqcus are sbocra in Ctgme a. 
O P "  provides a11 6 ACUUCOC torque.. &e u e h  
point oa tho pah. 00. of tho 6 actuacora L 8  ac 
its llmit. lt u n  ba u.p t!mt actuator 3 is 
never mar ICs l i m i t .  R ~ d u c i n g  fu rfro reducer 
tho sotton tiae becatare tea reduced woight Louatr 
the  load on t h e  other acrtlltora. Figure 9 shows 

opttaal  t r a j e c t o r y  along the same path with 
actuaeor 3 torque Level and weight reduced by S3Z. 
The tlne decreased from 1.076 secoada to  l.OC3 
second.. E v a  t.housh eho reduct ion fa t L u  is not 
Larze la a i s  care Le does demomattau cut 
proper ly  s e l e c t e d  au1L.r rctuaeora u u  iocrura 
a&nipulrtor quicknear Lo aoae casea. 

1s. I 

s- 1.0 za L e  4. e 
Fig. 6 Phsw P l u e  P b u  for Patb #lJw CowatimJ a d  

Optlmd C o e u o h .  

Re n e x t  exampLe show. the performance 
Lmprovamaue t e s u l t i n q  from a redesizn of the work 
place. F f r s t  t h e  %ni?uLator mover f roa  one 
uork-stacfoa EJ che a e x t  .Lon3 a stratahe Line 
froa polat (0,0,1.3) t o  ( L . O , O . S , - l . 3 ) .  Note chat 
the f n f t i a L  and f i n a l  v e l o c i t i e a  are not zero a t  
there pofnts, as might be requi red  i f  there 
W O t k - ¶ u t i O n r  were wring conveyer baler. me 
traveling t h e  o f  the o p t i ~ l  t r a j e c t o r y  war 1.050 
aec.. A move of the two end-poiatr away from che 
5.s. of the manipulator by (O.S.O.O), reruLted in 
&e optimal t r a j e c t o r y  shown in Ctzure 13 and a 
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1.1 t a  L a  A. a s a u  
Fig. 8 Joisc .*ecruaux Toques Y a Fametma d S. 
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3.0 A. m I. a 2 0  am 
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Fig. 11: Oprrmrl frajeecory for Patb # 1 wcb a Lim~r on tbe 
Payload ~ c c e l m r t o a .  

v. 3neLusLons 

This  ?.per shovs that . a  r e c e a t l y  developed 
alioricha fs ?raeticaL t o r  the tine o p r i ~ l  
coact01 of s i x  degree-of- t reedoa n r a i p u l a t o t s  
moving along a prescr ibed  path s u b j e c t  t o  a c t u a t o r  
e o a s t r a i a t a .  Such optfnal  socfon Ls shows t o  b e  
s i g x i f f c a n t l y  f a s t e r  than convent ional  control 
r t r a t e ~ i e s  :urreotLy La use aad caa Lead t o  
greater system p r o d u c t i v i t y .  The algorithm Ls 
extended to fnclude e o a s t r a i n t s  QP the trfppicy 
force  aad on t!%e payload a c c e l e r a t l o a .  Kt also 
descr fber  an f n c e r a c t i v e  CAD Lnplemmcatfoo of tha 
aLZorit!m. O P T . W l ,  and examples are presented  o f  
I t s  u s e  to o p t l i l t r e  maafpulator p e r f o a n c e .  
d e s i s a s ,  a s k s  and work places. 
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APPENDIX I11 

TIME OPTIMAL TRRJEC'IORY PLANNING FOR ROBOTIC MANIpuLAToRs WITH OBSTACLE 
AVOIllANCE: ACADAPPEMRM 


